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Abstract 

In this paper, using techniques of value distribution theory, we give a 
uniqueness theorem for meromorphic mappings of C m into CP n with 
(3n + 1) moving targets and truncated multiplicities. 

1 Introduction 

The uniqueness problem of meromorphic mappings under a condition on the 
inverse images of divisors was first studied by R. Nevalinna [6]. He showed 
that for two nonconstant meromorphic functions / and g on the complex 
plane C, if they have the same inverse images for five distinct values, then 
/ = g, and that g is a special type of linear fractional tranformation of / 
if they have the same inverse images, counted with multiplicities, for four 
distinct values. These results were generalized to the case of meromorphic 
mappings of C m into CP n by H. Fujimoto [1]. 

In the last years, this problem was continued to be studied by H.Fujimoto[2], 
[3], L. Smiley [10], S. Ji [5], M. Ru [9], Z. Tu [11]. 

Let /, a be two meromorphic mappings of C m into CP n with reduced 
representations / = (/ : • • • : f n ), a = (a : • • • : a n ). Set (/, a) := 
a o/o+" " "+°n/n- We say that a is "small" with respect to / if T a {r) = o(jy(r)) 
as r — > oo (outside a set of finite Lebesgue measure). Assume that (/, a) ^ 0, 



denote by t>(/, a ) the map of C m into No with f(/, )(z) = if (/, a) (z) 7^ and 
f(/, a )(^) — k if 2 is a zero point of (/, a) with multiplicity k. 

Let ai, . . . , a q (q > n + 1) be meromorphic mappings of C m into CP n 
with reduced representations aj = (a j0 : ••• : Ojn), j = 1, We say 
that {aj}^ =1 are in general position if for any 1 < j < ■ • ■ < j n < q, 

det(cij k i, < k, i < n) ^ 0. 

For each j e we put a} = (— : ... : — and (/, %) = 

"i'v, 

fo-^— + --+f n -^- j where Oj t . is the first element of a j0 , Ojn not identically 
equal to zero. 

Let .M be the field (over C ) of all meromorphic functions on C m . Denote 
by iz( {%} 9 =1 ) C .M the subfield generated by the set {-^i, < ? < n, 1 < 

j < 9} over C. Define iz(^a,j} q ._^j C .M to be the subfield over C which is 

generated by all h E M with h k £ TZ^{aj} q j= ^J for some integer k. These 

subfields are independant of the reduced representations aj = (ajo : • • • : aj n ) , 
j — 1, . . . , q, and they are of course also independant of our choice of the a^, 

because they contain all quotients of the quotients i — 0, . . . , n. 

a jtj 

We say that / is linearly nondegenerate over T^ja,}^^ (respectively 

7t(y{ a iYj = ij) if /o> • • • > fn are linearly independent over Tt(y{ a jYj=iJ ( res P ec_ 
tively^({a,}; =1 )). 

Let /, g : C m — > CP n be two nonconstant meromorphic mappings and 
{ a j} j-i ^ e 1 " sma H" (with respect to /) meromorphic mappings of C m into 
CP n in general position such that (/, %) ^ 0, (<?, %) ^ 0, j = 1, . . . , q. Set 
:= {2 G C m : U(/, aj -)(^) > 0}. Assume that: 

i) U(/ )0j -) = Ufoo,-) for all j e {1, . . . , q} 

ii) dim(£} n E j f ) < m - 2 for all 1 < i < j < q, and 

iii) / = g on U E). 

In [11] Z. Tu showed that: 

Theorem A. If g = 3n + l and / is linearly nondegenerate over 1Z^{aj} q j=l j , 
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then there exists a (n + 1) x (n + l)-matrix L with elements in 1Zy{aj} q ._^j 
and det(L) ^ such that L ■ f = g. 

Theorem B. If q = 3n + 2 and / is linearly nondegenerate over 7?.^{aj}^_ 1 j 
then / = g. 

These theorems (without conditions ii) and hi)) were hrst showed by H. 
Fujimoto ([1]) for hyperplanes ({aj}j =1 are constant). 

In the above Theorems multiplicities are not truncated (we say that mul- 
tiplicities are truncated by a positive integer M if i) is replaced by the follow- 
ing: min {v(f tCLj ), M} = min {v(g >aj ), M}). However, the uniqueness problem 
with truncated multiplicities was studied in [2], [3], [5], [10] for hyperplanes 
({ a j} 9 j=i are constant) and in [9] for moving targets. 

For hyperplanes, in [10] L. Smiley proved Theorem B with multiplicities 
are truncated by 1, and in [2], [3] H. Fujimoto gave some results related to 
Theorem B with multiplicities are truncated by a positive integer M. 

For moving targets, in [9] M. Ru gave some results related to Theorem B 
with multiplicities are truncated by 1, but where the number q = 3n + 2 is 
replaced by bigger one. 

The main purpose of this paper is to give uniqueness theorems for the 
case of 3n + 1 moving targets and multiplicities which are truncated by a 
positive integer M. Our results are improvements of Theorems A-B where 
the number q = 3n + 2 is replaced by smaller one, the multiplicities are 
truncated and the condition iii) is replaced by weaker one. In particular, we 
prove that for n > 2 we get / = g already for q = 3n + 1 . 

The proofs of our results are applications of a generalized Borel Lemma: 
For the case where multiplicities are truncated, our object does not satisfy 
the assumption "nowhere vanishing holomorphic functions" of the (classical) 
Borel Lemma. So, first of all, using the techniques of value distribution 
theory, we give Lemma 3.1, which is a generalization of the Borel Lemma for 
meromorphic functions. 

In order to show that under the conditions of our uniqueness theorems 
the assumption of Lemma 3.1 is satisfied, we need some results of value 
distribution theory of meromorphic mappings of C m into CP n for moving 
targets. But the Second Main Theorem as in [8] (where multiplicities are 
not truncated) or as in [11] (where multiplicities are truncated by a positive 
integer £) seems to be not sufficient for our purpose. In order to overcome this 
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difficulty we establish a Second Main Theorem for meromorphic mappings of 
C m into CP™ for (n + 2) moving targets with multiplicities truncated by n. 
Our main results are as follows: 

Let /, g : C m — > CP™ be two nonconstant meromorphic mappings and 
{ a j}j-i' 1 De " sma U" (with respect to / ) meromorphic mappings of C m into 
CP™ in general position such that (/, %) ^ 0, (g, %) ^ 0, j — 1, . . . , 3n + 1. 

Put M = 6n(n + l)[iV 2 (iV - 1) + 1], where N = ■ 

Set E) := {z E C m : < v {Laj) {z) < M}, *E j f := {z E C m : < 
V(f, aj )(z) < M] and similarly for E J g , *E ] g , j — 1, . . . , 3n + 1. 
Assume that: 

i) U(/ )0j ) = ^(<w) on P^ n P fl ' for all j e {1, . . . , 3n + 1}. 

ii) dim(*P i n *P J ) < m - 2 for all *E i e {*P},*P*}, *P^' e {*P^,*Pj} 
and for all i 7^ j with i e {1, . . . , n + 3},j e {1, . . . , 3n + 1} . 

iii) / = g on "(J (*P} n *E' g ) for n > 2 . 

i=i 

This means in particular that in i), ii) and iii) we do not need to pay 
attention to points where f(/, aj ) or i>( 9 , aj -) is bigger than M. 

Theorem 1. 

1) If n = 1 and /, g are linearly nondegenerate over TZ^{a^ = ^j then 

there exists a 2x2 - matrixL with elements in Tz{^a^._^j and det(L) ^ 
swc/i tnai L ■ f — g. 

2) If n > 2 and /, g are linearly nondegenerate over T^^jaj}^"^ 1 ^ taen 
/ = <?■ 

We remark that in the case n — 1, we cannot omit the matrix L, as 
can be seen easily as follows: Let / : C — > C a nonconstant nonvanishing 
holomorphic function, then consider the two functions /, 1/f and the four 
values 0,oo,l,—l. Note also that condition i) is weaker than a truncated 
multiplicities condition. 

We give the following theorem for the case where multiplicities are trun- 
cated. 

Theorem 2. Let f,g : C m — > CP™ be two nonconstant meromorphic 
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mappings and {a?}^™* 1 be "small" (with respect to /) meromorphic mappings 
of C m into CP™ in general position such that (/, %) ^ 0, (<?, %) ^ 0, j — 



1, . . . , 3n+l. Put M = 3n(n+l)A 2 (A-l) + (3n+4)n, where N 



2n + 2 
n+ 1 



Set :={zeC m :0< «(/,<»,■)(*) < M}, j = 1, . . . , 3n + 1. 
Assume that: 

i) min M} = min {u^j, M} for all j G {1, 3n + 1}. 

ii) dim(*£} n* Ej) < m - 2 for all i ^ j with i G {1, ...,n + 3}, j G 
{l,...,3n + l}. 



n+4 

iii) / = g on (j *£j for n > 2. 

i=i 

Then 



1) If n = 1 and f is linearly nondegenerate over H^a^. ^j then there 

exists a 2 x 2 - matrixL with elements in Tz{^a^ A ._^j and det(L) ^ such 
that L ■ f = g. 

2) If n > 2 and f is linearly nondegenerate over T^ja.,}^™* 1 j then 

f = g- 

We finally remark that in order to obtain uniqueness theorems with fixed 
targets only, the authors showed in [13] that the number q = 3n + l of targets 
can be decreased and that one can use much smaller truncations. 

Acknowledgements: The second author would like to thank Professor Do 
Due Thai for valuable discussions, the Universite de Bretagne Occidentale 
(U.B.O.) for its hospitality and for support, the PICS-CNRS ForMathViet- 
nam for support. 

2 Preliminaries 

We set ||z|| = (\zi\ 2 + h l^m] 2 ) 1 ^ 2 for z = (zi, . . . , z m ) G C m and define 

B(r) := {z G C m : \z\ < r}, S(r) := {z G C m : \z\ = r} for all < r < oo. 

Define d c := ^^(d - d), v := {dd^f)™' 1 and 

a := d c log\\z\\ 2 A (def logH^ 2 )™- 1 . 
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Let F be a nonzero holomorphic function on C m . For each a G C m , expanding 
F as F = Pi(z — a) with homogeneous polynomials Pj of degree i around 
a, we define 

■yp(a) := min{i : Pj ^ 0}. 

Let tp be a nonzero meromorphic function on C m . We define the map as 

follows: For each z G C m , we choose nonzero holomorphic functions F and G 

p 

on a neighborhood U ol z such that y? = — on U and dim(P" 1 (0)nG' _1 (0)) < 

m — 2 , and then we put v^z) := Vf(z). Set |^ | := {z G C m : v v {z) 7^ 0} . 
Let k, M be positive integers or +00. Set 

<m v W( z ) = if u v (z) > M and - M wJ c] (^) = min{^(z), k} if ^(2) < M 
> M v [ £ ] (z) = if ^(2) < M and >M ^ fe] (^) = mm{ V<p (z), k} if > M. 



We define 

r 

<M ; 



'JVW(r) :=y I p^r* 



and ^ 

>»NW(r):= J'-^dt (l<r<+oo) 
1 

where 

^ M n(t) := J ^ M vf.v for m > 2 , ^ M ra(f) := ^ M ^) for m = 

\v v \nB(r) 

>M n(t):= J >M vf.v for m > 2 , >M n(t) := ^ >M ^(z) for m = 

MnB(r) I 2 !-' 

Set 7V» := <°° N [ ™ ] (r) , N l * ] (r) := ^wf ] (r). 

We have the following Jensen's formula (see [3], P. 177): 



A^(r) - iVi(r) = y \og\tp\a - J log\ip\a. 

S(r) 5(1) 



Let / : C m — ► CP™ be a meromorphic mapping. For arbitrary fixed 
homogeneous coordinates (wo : • • • : w n ) of CP™, we take a reduced repre- 
sentation / = (/o : • • • : /„) , which means that each /j is a holomorphic 
function on C™ and /(z) = (fo(z) : • • • : f n (z)) outside the analytic set 

{/o = • • • = /„ = 0} of codimension > 2. Set ||/|| = (|/ | 2 + • • • + \fn\ 2 ) 1/2 - 
The characteristic function of / is defined by 



.(r)= | log||/||a- | log 



1 < r < +oo. 

S(r) 5(1) 

For a meromorphic function ip on C m , the proximity function is defined by 

m(r,(p) :— J log + \<p\a 

S(r) 

and we have, by the classical First Main Theorem that (see [4], p. 135) 

m(r,<p) < T v (r) + 0(1). 

Here, the characteristic function T v (r) of ip is defined by considering ip as a 
meromorphic mapping of C m into CP 1 . 

We state the First and Second Main Theorem of Value Distribution The- 
ory (see e.g. [11], [2]): 

First Main Theorem. (Moving target version) Let a be a meromorphic 
mapping of C m into CP™ such that (/, a) ^ 0. Then for reduced representa- 
tions f = (/o : • • • : f n ) and a — (a : • • • : a n ), we have: 

N {M (r)<T f (r)+T a (r) for all r > 1. 

For a hyperplane H : ao^o + • • • + a n w n = in CP™ with \mf^H, we 
denote (/, if) = ao/o + • • • + a n f n , where (fo '■ • • • ■ f n ) again is a reduced 
representation of /. 

Second Main Theorem. (Classical version) Let f be a linearly nondegen- 
erate meromorphic mapping of C m into CP™ and H 1 , . . . , H q (q > n + 1) 
hyperplanes of CP™ in general position, then 

(q-n- l)T,(r) < + °( T f( r )) 

3=1 

for all r except for a set of finite Lebesgue measure. 
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3 Proof of our results 

First of all, we give a generalization of the Borel Lemma for meromorphic 
functions. 

Lemma 3.1. Let ho, ■ ■ ■ , h t (t > 2) be nonzero meromorphic functions on 
C m and A be a subset of (1, +oo) with infinite Lebesgue measure. Assume 
that 

a) h H h h t = 0, 

b) E <V) + E N [ l(r) < -_l_T^ fc (r), r G A for all {i,j, k} C 

{0, 1, . . . ,£} such that — ^ , , — ^ are all nonconstant, where := [/ij : 

/ij hk hi 

hj : hk] is a meromorphic mapping of C m into CP 2 . 

Then there exists a decomposition of indices {0, . . . , t} — I\ U- • -Ul s such 
that: 

i) #4 > 2 for all v £ {1, . . . , s}, 

ii) i, j G if and only if is constant, 

■ /ij 

iii) E h j = °> v G {l,...,s}. 

Proof. We prove this Lemma by induction on t. 
+) If t — 2, we have 

h + h 1 + h 2 = 0. (1) 

Case 1. If one of the meromorphic functions 7^ , 7- , 7- is constant, then 

hi h 2 h 

by (1), we have that ho : h\ : h 2 are constant. We get i), ii) and iii). 
h h h 

Case 2. If — , — , — are nonconstant, by Theorem 5.2.29 in [7], we have 
hi h 2 h 

T V012 (r) = T [ho:hl . M] (r) < T [ho:hl] (r) + T [ho:fl2] (r) + 0(1). 

Without loss of generality, we may assume that T^ o:ftl ](r) > T^ ho . h ^ (r) for all 
r E Ai, where A 1 is a subset of A with infinite Lebesgue measure. Then 
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Let [h' : h[] be a reduced representation of [ho '■ hi] : C m — >■ CP , fa and 

h' hi 

h[ are holomorphic functions. Set /i 2 = — - — , then 

ho 

h' + h[ + /i' 2 = 0. 

For each j G {0, 1, 2}, we have that a zero of is a pole or a zero of some 
hi (i G {0, 1, 2}). On the other hand 

dim{^ : h' Q (z) = h[(z) = 0} < m - 2. 

Hence, we get 

E<V) < 2 • (^< ] (r) + £ (r)) < |r [fco:fcl] (r), r G A x . 

i=0 i=0 j=0 

By the Second Main Theorem, we have: 

^(r) + N^(r) + N [1] 

2 



TWr) < A^(r) + iV^r) + A^ +/l ,(r) + o(T [ho:fcl] (r)) 
= E^?(r) + o(T [fco:fcl] (r)) 



i=0 

<^:hl](0 + (^[fto:hl](0)> ^4 

This is a contradiction when r -> oo, r G ii. 
This completes the proof of the case t = 2. 

+) Assume that our assertion holds up to t (t > 2). Consider 

ho + • • • + h t+1 = 0. (2) 

We introduce an equivalence relation in {0, . . . , t + 1} as follows: i ~ j if and 
only if — - is constant. Let 

{fx,.. .,/J = {0,...,t + l}/~. 

By definition we have ii). 

For the proof of i), we assume that there exists I v containing only one 

index, say I s = {t + 1}. Then (i — 0, . . . , t) are all nonconstant. 

ht+i 
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If s = 2 then h = {0, . . . , I 2 = {t + 1}. 
By (2) we have 

c • h + = 0, c G C*. 
Thus ^° is constant, this is a contradiction. 

If s = 3, without loss of generality we may assume that G I±, 1 £ I 2 . 
By (2) we have 

c ■ h + d • h± + h t+ i = 0, c, d G C . 

* If c • d = 0, then t + 1 G I\ or £ + 1 G J2, this is a contradiction. 

* If c ^ 0, d ^ 0, we have: 

T[ c . ho:d . hi:ht+1 ](r) = T [ho:hi:ht+l] (r) + 0(1) . 

So by the basic step of induction, we have that h : hi : h t +i are constant. 
This is a contradiction. 

If s > 3, let V := [ho : • • • : h t ] : C m — ► CP*. 

Let [/iq : • • • : h' t ] be a reduced representation of 

Set h' t+1 = ^Lp±l , then fy, + • • • + = 0. 

For each j G {0, ...,£ + 1}, we have that a zero of ^ is a pole or a zero 
of some hi (i G {0, . . . , t + 1}) . 
Hence, we get 

iyW(r)<^< ] (r) + ^ivW(r) 
J i=0 i=0 h * 

< T (r) 

~ (t + l)(t + 2) Vk ^ K } 

~ (* + !)(* + 2) v ; ' 



where k E h, p <E I 2 , q E h- 
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If ^ is linearly nondegenerate, by the Second Main Theorem we have: 
T*(r) < J>M(r) + N^ + ... +h ,(r) + o(T,(r)) 



i=0 

t+i t+i 

t=0 i=0 

*-T*(r) + o(T*(r)), re A. 



t + 

This is a contradiction when r — > oo, r G A 

Thus, \& is linearly degenerate, so there exist constants 

(C , . . . , C t ) ^ (0, . . . , 0) such that 

OA) + • • • + CA = . (3) 

We may assume that C = 1. By (2) and (3) we have 

(d - + • • • + (C t - l)/i t - h t+1 = . 

It can be written in the form: 

a\h h H h a k h ik + a t+1 h t+1 = (4) 

such that di G C*, at + i = — 1, ^ is nonconstant for all p 7^ g G {ii, . . . , ik, t+ 

tlq 

1} and k < t - 1. 

+) If k — 1, by (4) we have that /i^ : /i t+ i is constant. This is a contra- 
diction. 

+) If k > 2, for {p, q,v} C {ii, . . . , ik, t + 1} we have 

T[a v h p :a q h q :a v h v ] (?") T[/i p :/i 9 :fe„] (?") + 0(1). 

By the induction hypothesis (since k + 1 <t) there exists p G {ii, . . . , ik} 
such that a p /i p : a t+1 h t+ i is constant. Thus h p : /i t+ i is constant, this is a 
contradiction. 

So > 2 for all f G {!,..., s}, we get i). 
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Finally we show iii). We choose an index v G I v and set 

^ ^ hi c v h v , c v G C . 

iei v 

Then (2) can be written as 

s 

c v ■ h v = 

By i) and the induction hypothesis, we infer like above that c v = 0. This 
shows iii). We have completed the proof of Lemma 3.1. □ 

We give the Second Main Theorem of meromorphic mappings of C m into 
CP n with (n + 2) moving targets. 

Lemma 3.2. Let f,g : C m — > CP n &e nonconstant meromorphic mappings 
and {aj}™^ be "small" (with respect to g ) meromorphic mappings of C m 
into CP n in general position. 

a) Denote the meromorphic mapping, 

F = ( Cl • (/, Si) : • • • : c n+1 • (/, a n+1 )) : C m — CP" 

where {q}"^ 1 are "small" (with respect to g) nonzero meromorphic functions 
on C m . Then we have 

T F (r)=T f (r) + o(T g (r)). 

Moreover, if 

/ = (fl '■ • • ■ '■ fn+l), 

&i — (oji : • • • : Oj( n+ i)), 

c, /Ci-(/,ai) c n+1 - (f,a n+1 )\ 

' I : " : ) 

are reduced representations, where h is a meromorphic function on C m , then 

N fc (r) < o(T g (r)) 
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and 



have 



N.(r)<o(T g (r)). 
b) Assume that f is linearly nondegenerate over iz(^{aj}™*^j . Then 

n+2 

Tf(r) < + °( T /( r )) + °( T ^)) 



we 



for all r except for a set of finite Lebesgue measure. 



Proof. 

a) Set 



F i = ^^-, iE{l,...,n + l}. 



So we have 

ciaio/o H h cia ln f n = h ■ F 1 ■ a ltl 

Cn+i a (n+i)o/o + • • • + c n+ ia( n+ i) n / n = h ■ F n+ i ■ a( n+ i) t 



(5) 



n + l 



Since (Fi : • • • : F n+1 ) is a reduced representation of F, codim{F! = • • • = 
F n+ i = 0} > 2. Hence, by (5) we see: 



n+l 



n+l 



i=i 



i=i 



Set 



/ 



P := 



Cidio 



CiOi„ 



\c n +iO( n +i)o • • • c n+ ia( n+1 ) n y 



and matrices Pi (i G {l,...,n+l}) which are defined from P after changing 

/ F iaitl \ 
the i th column by \ 

\^(n+l)fl(n+l)f„ + l / 
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Put u = det(P) and Ui = det(p), % G {1, . . . , n + 1}. It is easy to see 



that: 



u 



and 



Olt! • • • 0(n+l)t„+i 



ra+1 



^(r)<0(Viy^(r)) =o(T,(r)), i = 1, . . . , n + 1. 
By (5) we have 



/o = 

/n 



/l • Mi 

U 

h ■ u n+ i 
u 



(6) 



On the other hand (/ : • • • : /„) is a reduced representation of /. Hence, 



n+l 



iV,(r) <N u (r)+ Y>x(r) 



i=i 



n+l 



<iV « (r) + JV 0li ... , +m (r) + ViVi(r) 



a l*l-°(n+l)t„+l 

o(T 9 (r)). 



i=i 



We have 
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T F (r) 



Sir) 



„ n+1 

= / iog(E 



Q • (/, a*) 



S(r) 



1 

n+1 



2\ 1/2 



a + 0(1) 



/ 1 /2 /* 
Iog(X>(/,5i)| 2 ) a- y log|% + 0(l) 

S(r) i=1 S(r) 

r / n+1 

\w+ y iogf $>i 2 ( 



< lo 



+ ••• + 



a,v. 



a iU 



-N h (r) + Ni(r) + 0(1) 

h 

r / n+1 



+ ••• + 



n+1 n 



i=l j=0 l<i 

= ^(0 + 0(^(0) 



(note that q • ^ e 
(6) can be written as 



n+1 

fo =h-J2 b j0 Fj 

3=1 



n+1 

fn h • bj n Fj 
i=i 



where fyj G 7?.({aj }™^) • 
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So we get 

T f {r)= J log||/lk + 0(l) 



S(r) 



n n+1 



= J lo g(E|E^| 2 ) 1/2 ^+ / iogi%+o(i) 

S(r) 1=0 j=1 S(r) 

< J \og\\F\\a+ J log(^|6 J ,| 2 ) 1/2 ( T + iV,(r)-iVi(r) + 0(l) 



S(r) 



S(r) 



<T F (r)+ J log + (^|M 2 ) 1/2 a + o(T g (r)) 

S(r) i>j 

<T F (r) + J2m(r,b tJ ) + o(T g (r)) 

= T F (r) + o(T g (r)). 
By (7) and (8), we have 

T F (r)=T f (r) + o(T g (r)). 
This finishes the proof of part a). 

b) We use a) for a special set of q : Set 

/ a 10 . . . a( n+ i)o\ 

Oil • • • 0(n+l)l 



(8) 



N n+2 

\ a ln ■■■ a (n+l)nJ 

and matrices iVj, i G {l,...,n+l}, which are defined from N n+2 after 

^O( n+2 )o\ 

changing the i th column by 
Set 



aiu 



ait! ■ ■ ■ a(n+2)t n+ 2 



\ a (n+2)n ) 

■det(Ni), i e {!,..., n + 2}, 
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then 

aen^aj}^), ie{i,...,n + 2}. 

It is easy to see that: 

n+l 

°i ■ (/> o») = c «+2 • (/, a n+2 ) (9) 

i=i 

F is a linearly nondegenerate meromorphic mapping, since / is linearly 
nondegenerate over 7£({aj}™^) and since the a 3 - (j = 1, . . . ,n + 2) are in 
general position. 

Thus, by the First and the Second Main Theorem, we have 

n+l 



T f (r) + o(T,(r)) = 7>(r) < E^V) + < ] + ... +F „ +1 (r) + o(T F (r)) 

3=1 

n+2 

= E M: ] (/ , 5 ,)(r) + (7)(r)) + o(T 9 (r)) 

3=1 h 

n+2 n+2 

^ E ^(/ko^) + E ^» + (» + 2 )^w + °( T /( r )) + 

n+2 

= E 7V (/k.)W+^/(r)) + (T a (r)) 
j'=i 

n+2 

= E^)( r )+ o ( T /( r ))+°( T ^ r ))- 

This completes proof of Lemma 3.2. □ 

Proof of Theorem 1. Without loss of generality, we may assume that there 
exists a subset A of (1, +oo) with infinite Lebesgue measure such that 

Z/(r) > T,(r), r g A, (10) 

(note that if T g (r) > Tf(r) for all r except for a set of finite Lebesgue measure 
then {dj} 3 ^ 1 are "small" with respect to g). Define functions 

^■ = 7^. j'G{l,...,3n + l}. 
\9, aj) 
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We choose an arbitrary subset Q = {ji, . . . , ,7271+2} of the index set Qo : = 
{l,...,3n+l}. 

We now prove that: 

For each I C Q, #/ = n + 1, there exists some J C Q with I ^ J, 
# J = n + 1 such that 

^^({a,}^ 1 ), where fc/ = IJ^. (11) 

We have 

j a jo/o + • • • + %n/n = hj(a,j go + • • • + dj n g n ) 

I jeQ 

- f a i s o/o H h Oj s n/n - h js a js0 go h js a jsn g n = 

\ 1 < s < 2n + 2 

Therefore, we get 

det(a js0 , • • • , a jsn , h js a js0 , h js a js7l , l<s<2n + 2) = 0. 

For each I = {j so , ■ ■ ■ , j Sn } C Q , I < s < ■ ■ ■ < s n < 2n + 2, we define 

n(r£i) +So+ ... +Sn _ det ^ i; < < n) • det(a 7 - , h < ife, i < n) 
Aj = ^ 

where {s' Q , . . . , s' n } = {1, . . . , 2n + 2} \ {s , • • • , s«}, s' < • • • < s' n . We have 
A 7 G ^({a,}^ 2 ) and Aj ^ , since {a,j} 2 Z~[ 2 are in general position. 

Set L = {I C Q, #/ = n + 1}, then #L = N : = 
By the Laplace expansion Theorem, we have 

^A 7 /i 7 = 0. (12) 
Let J, J, .fT be distinct in L . It is easy to see that: 

((/ u J)\(i n J)) n ((J u K)\(J n #)) n ((# u J)\(# n /)) = . 

So, C^UC^UC^ = {1, .., n+2} , where C w = {1, n+2}\ ((/ U J)\(J n 
Since dim(*^ n *EP) < m - 2 for all i ^ j, i G {l,...,n + 3}, j G 
{l,...,3n+ 1}, *& G {*£},*£*}, G , and / = g on 



2n + 2 
n + 1 
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n+2 

(J (*Ef fl *E l g ) (note that in the case n = 1 we also have / = g on 
i=i 

3 

(J (*£} n we have : 

3n+l 

hj hK hl jeQ k=i 

n+2 

i=i 

Indeed, for « G {1, + 2}, we may assume that i G Cu. Let z G If 

z is not taken into account by E >M - /V ffa )( r ) or ^2 >M N fa a )( r ) ( this 

jeQ u ' J> k=i 

means that V(f,aj ){zo) < M and v {gt a k) (z ) < M for all j G Q , fc G {1, 3n + 

1}) then zq G and by omitting an analytic set of codimension > 2, we 

may assume that (f,cij)(z ) ^ and (g,ak)(zo) ^ for all j G <5\{«} , 

k G {1, ...,3n+ l}\{i}. In particular (/, a,j)(zo) ^ , (g,aj)(zo) ^ for all 

jg(/u ./)\(/n./). 

On the other hand, f(z ) = g(z ). Hence, fj(^o) — 1) this means that ^ is 

taken into account by (r) , so we get (13). 

By Lemma 3.2 and the First Main Theorem, we have : 

n+2 



i=i 



, , n+2 n+2 



M + 1 ^ ^' a ^ v 7 M+ _ 

i=i i=i 

M ^ X^<M Ar [l] / \ , + 2 ) 



Thus, we have 



M+ l-n(n + 2)^ ^ < M w 



nM 

«=i 
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By (13) and (14) we have : 



nM 



3n+l 



J2 >MNl L ) (r)-o(T f (r)). (15) 



k=i 



We introduce an equivalence relation on L: I ^ J if and only if ^ G 

Set {In, L,} = L/_ , ( s < JV := ( 

In order to prove (11), we show that j^L v > 2 for all v G {1, . . . , s}. For 
each t> G {1, . . . , s}, choose I v G L v and set 

^^ = 5^, B v en([aj}^). 

ie v 

Then (12) can be written as 

s 

J2 B vhi v =0. (16) 

v=l 

+) If S w = for all v G {1, ... , s}, then #L„ > 2 for all u G {1, . . . , s} 
by ^ 0, I G L. We get (11). 

+) If there exists some B v ^ 0, then by (16) there are at least 3 of the 

. . . , B s different from zero since hj ^ , T^ja,}^ 1 ^ , (1 < i ^ 

j<s,leL). 

We want to apply Lemma 3.1 to (16), without loss of generality we may 
assume that B v ^ for all v G {1, . . . , s}. 
For each {i, j, k} C {1, . . . , s}, set 

T(r)= T^(r)+T s ,(r)+7X(r) 

B, 

then T(r) = o(7>(r)) as r — ► oo. 
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It is clear that ^-1^0, -^-1^0, ^-1^0. 
hi, h h h h 

By (10), (15), Theorem 5.2.29 in [7] and the First Main Theorem, we have: 
3 • T [B . hl . :B . hl . :Bkhlk] (r) + 0(1) > T Bl n h (r) + Tb^. (r) + T Bfc% (r) 

B^. S fc h /fc B;^ 

>T hJi (r)+T hj (r)+T h/fc (r) - T(r) 



>iV^ (r) + iV^ (r) + N hjK (r) - o(T f (r)) 

IH; h Ik h z . 

<!» ^ + l-n(n + 2 ) l>(r) _ >M<)(r) _ >M< , j)(r) _ o(T/(r)) 

ieQ i=i 
M + 1 -n(n + 2)_ . . 1 v-^ _ . . 1 ^ _ . . , . NN 



ieg j=i 



> 



M + 1 - n(n + 2) 2(n + 1) 3n + 1 



n • M 



a( M +1 -» (n + 2 ) _^3 )7>(r) _ o(T , (r)) rgA (17) 

Since v (/jaj) = v^ aj ) on n E J g , j = 1, . . . , 3n + 1, we have 

{zeC m : hj(z) = or hj(z) = oo} C |J{z G C m : U(/ia .) > M or v {g , aj) (z) > M} 

for all I C {1, . . . , 3n + 1}, #7 = n + 1. Thus, we get 

<(r) + Arg (r) < £ >M Nfl aj) (r) + £ > M <,^) 



< 



jei jei 

n + 1 



L(T,(r)+T g (rj)+ 0(1) 



M + 

(!0) 2(n + 1) . . 
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So, we have 

E n bL v (0 + E (0 ^ E < (0 + E Ni l (0+ 



?J = 1 11=1 " v = l v=l 



+ 



E<(0 + E^iW < E (< W + °(Tf(r)) 

1 B v \ h; / 

V=l V = l V = l 

(18) 

By (17), (18) we have 



Qn(n+ l)NM 
b^ v 1 ^ (M + l) 2 — n(n + 2)(M + 1) - n(5n + 3)M* 

• T [Bihli:Bh h I: .:B k h Ik }(r) + o(T [Bihl . :Bjhl . :Bkhlk] (r)) 

1 T (VI < - 

N(N-1) ^ kK ' ~ s(s- 1) 



E^gkW+E^(r)< 



< ^7 ^ ^(r)<-7— prT^M, re A (19) 



where tp ijk := [B i h h : Sj/ij. : B k h h }. 

Then by applying Lemma 3.1 to (16) we get: For each % G {1, . . . , s} there 
exists j G {1, . . . , s}, j 7^ « such that g ' 7 ' is constant. 

So ^ G ^^{aj}^"^ j , this means that Lj fl Lj 7^ 0. This is a contradic- 
tion. 

We have completed proof of (11). □ 

Let M* be the abelian multiplication group of all nonzero meromorphic 
functions on C m . Define H C M* by the set of all h G M* with h k G 
^(l ?}^ 1 ) f° r some positive integer k. It is easy to see that H is a 
subgroup of .M*. 
We have 

and the multiplication group Q := M.*/7i is a torsion free abebian group. 
We denote by [h] the class in Q containing h G Ai*. Consider the subgroup Q 
of Q generated by [hi], . . . , [/i3 n +i] and choose suitable functions rji, . . . ,rj t G 
M* such that [?7i] , . . . , [rf t ] give a basis of Q. Then each hj can be uniquely 
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£ ■ £■ 

represented as hj = Cji]^ 1 ■ ■ -r] t H , Cj G H, £j r G Z. For these integers £j r we 
can choose suitable integers p±, . . . ,p t satisfying the condition: For integers 

£j = p 1 £ jl H h pttj t , (1 < j < 3n + 1), ti = £j if and only if (£ h , ...,£ it ) = 

(£j iy . . . , £j t ), or equivalently 

hi 
hj 

We now show that: 
There is a subset I = {jo, j n } C Qo such that 

^eH for all i,j G I . (20) 
hj 

We assume that, after a suitable change of indices, we have £\ < • ■ ■ < £s n +i- 
Take the subset Q — {1, . . . , n+1, 2n+l, . . . , 3n+l} of Qo which contains 
(2n + 2) elements and apply (11) to the hj (j G Q) to show that there is a 
subset {i , . . . , i n } of Q satisfying the condition that {i , . . . , i n } ^ {1, ... , n+ 
1}, i < • • • < i n and 



hi • • • hi 



k({<*C)- 



h\ ■ ■ ■ h n+ i 
From this, it follows that 

t 

(tio - tl) + ■ ■ ■ + (tin ~ Ul) = E P^0 S +■■■ + tin. C+lJ = 0. 



S=l 



Since £ io > £ 1 ,...,£ in > £ n+1 , this is posible only if £ n+1 = £ in so £ n+1 = 
■ ■ ■ = £2n+i (note that i n > 2n + 1 ). Then take I = {n + 1, 2n + 1}, so 
we get (20). □ 

Let Ui = ~T~~ G H C 7£( {aj} 3 ™^ 1 ) ? i G {0, . . . , n}. Then we have: 

a jiofo + • • • + (ijinfn = Uihj (aj i0 g + • • • + aj. n g n ) 
i — 0, . . . , n. 



(21) 



Set A= [ aj0 ° ajo1 Vs ' Mo ° 



+) Assume n = 1. 

a Jo0 a 

We get 1) of the Theorem 1 (with L = A^.B^.A). 
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+) Assume n > 2. 

Set F = ((f,af ) : ... : (f,af n )) and G = ((g,af ) : ... : (g,af n )). They are 
meromorphic mappings of C m into CP n . Take meromorphic functions h, u 
on C m such that F = (^fal . ... . , G = (^f^ : ... : are 

reduced representations. By Lemma 3.2 we have iV^(r) = o (Tj(r)), N u (r) = 
o(T f (r)), N^r) = o{T } {r)) and JV±(r) = o(7)(r)). 

Put /•; := %^G, := G {0 //), 

Since Ui E H, i E {0, . . . , n}, we can choose a positive fc such that {ui) k G 

^({ a j}j 3 =r) for a11 * G {°> • 
By (21) we have 

rp Uihj uGi 

^ ~~ h 

i — 0, n 

Since G = (G : ... : G n ) is a reduced representation and F (i = 1, ...,n) are 
holomorphic functions , we have: 

n n 
n 

< J> K) *(r) + 0(1) + iV tt (r) + N.(r) = o (T f (r)) . (22) 



JO 



i=0 



Suppose that F ^ G , then there exist < s < v < n such that : 



G s G, 

Define the meromorphic mapping F A G := (... 
CP"* , ( < i < j < n , N 2 = ( n + 1 ) - 1 ) 



F F 

Gi G, 



: C T 



Gi Go- 



Take /ii?AG a holomophic function on C m such that (.... : ^ g 

is a reduded representation of F A G . 
It is easy to see that there exists a subset I sv C {1, ...,n + 4}\{j s , j v } such 
that 

= n + 2, # ({1, n + 3}\(J W U {j s }) ) < 1, and 



#({l,..,n+3}\(/ s „U{j„}) )<1. 



(23) 
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In fact, we take I sv = {1, n + 2} if {j s ,jv} H {1, n + 3} = 0, 
/„, = {1, ...,n + 3}\{j s ,j„} if #({j s Jv} n {l,...,n + 3}) = 1 and 

J w = {l,...,n + 4}\{j s ,j 1 ,} if {j^jj C {l,...,n + 3}. 
By assumptions ii) and iii) we have : 

N i u (r) > V ^ivW .(r)- V >M 7vf] ,( r ) - y >^^ [1] Jr) 

i£l S v j£{js,jv} iel sv 

(24) 

Indeed, for i G I SV) let z G *EJ be a generic point of a compo- 
nent D of *Ef. If z is not taken into account by £ >M A^ a) (r) 

or by Yl >MAr (g!a,)( r ) ( this means that v [fAj) (z Q ) < M, j G {j s , j„} and 

^.oijC^o) < M, i E I sv ) then z G *E l g ° (which implies /(z ) = g(z )). Since 
-2o G -D is generic, we can omit an analytic set of codimension > 2, so we 
may assume that (/, aj a )(z ) ^ ,(f,aj v )(z ) ^ (note that by (23) we 
cannot have {i , j s } C {n + 4, 3n + 1} or {i , j v } C {n + 4, 3n + 1}), 
which implies F s (zq) ^ , F v (z ) ^ . Since we have f(zo) = g(zo) on D, 
we get hfag( z o) = on D. This means that zo is taken into account by 
N_i_^ FAG (r) , so we get (24). 
So, we have 

^E^lM-^W^A (25) 
By Lemma 3.2 and the First Main Theorem, we have: 



25 



T /W < E iY ( [ /l)W+°( T /W) 



< 



< 



M 



M 



m YE s X!«,m + 1^w+°p>m). 

"1^.1 SV 



M + 



/M+ 1 -n(n + 2) 



So, by (25) we have: 

'M + l- 2n{n + 3) 
Mn 



T f {r) < N (r) + o(T f (r)),r E A. (26) 



By the definition of //fag , we have: 



N 1 a, A r ) < N 



F, F, (r) = N, 



(r) + Ni(r) 



G s G v 

< N ( ^_^(r) + N^(r) + N h (r)+N L (r) 



( < N, x , ) (r)+o(T f (r))<T ( ^ 

\(u v )k {us) k ) 



(%)* («s)" 



~)+o(T f (r)) 



< T_^(r) + T_± s (r) + o(T f (r))=o(T f (r)). 



This contracdicts to (26). Thus F = G ^ f = g , so we get 2) of Theorem 
1. This completes the proof of Theorem 1. □ 

We can obtain Theorem 2 by an argument similar to the proof of Theorem 
1 with the following remarks: 

+) We do not need the assumption (10). 
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+) Similarly to (13) we have : 



Ngjr) + N [ ljr) + < (r) + £ >M N^ aj) (r) 

h .J h K h I jeQ 

n+2 

^E- M <^) forallr - 
i=i 

So, similarly to (17) we have, 

q rp , \ ^ f (M + l)-n(n + 2) 2(n + l)\ , . 

(17') 

+) Since min {t>(/, 0j -)> M) = min {v^ aj ),M}, j G {1, . . . ,3n + l}, we have 
{z G C m : ^(z) = or h T (z) = oo} C |J {z G C m : u (/)0j) (z) > M} 

for all I C {1, . . . , 3n + 1}, #7 = n + 1. 
Thus, we get 

<(r) + iv|(r) < £> M <^) ^ MTT^^ )(r) " IfTl^^^ 
7 jei jei 

So, similarly to (18) we have, 

v=l v=l v 

By (17') and (18') we have : 

E (*•) + E ^ (r) - h^T) t ^ (r) for a11 r - 

^=i i>=i 

+) Similarly to (24) we have: 



E^.W + E^StrW ^ M + i ' r/W + o^M) haiir. (18') 



^W^M a E £M <1,,('') - E >M ^,M. 



So, similarly to (25) we have: 
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